A stage-structured single species model with diffusion is considered in which the coefficients are time-dependent. By using the continuation theorem of coincidence degree theory, a sufficient condition is obtained for the existence of a positive periodic solution for this model.
Introduction.
Recently the so-called single species model was considered and many results were obtained; see [1] - [6] . In [1] , the stage-structured single species model, given byẋ i (t) = αx m (t) − γx i (t) − αe −γτ φ(t − τ ), x m (t) = αe −γτ φ(t − τ ) − βx 2 m (t), 0 < t ≤ τ, x i (t) = αx m (t) − γx i (t) − αe −γτ x m (t − τ ), x m (t) = αe −γτ x m (t − τ ) − βx 2 m (t), t > τ, was studied, where x i (t) and x m (t) represent the immature and mature population densities, respectively; φ is the observed or assumed birth rate of x i (t) at time t (−τ ≤ t ≤ 0), and τ represents a constant time length for the immature to become mature. α is the birth rate of mature population. γ is the death rate of the immature population and β is the preventing function caused by loss of limited resource of the mature population. Some sufficient conditions for the stability of the positive equilibrium were also given.
In [4] , the nonautonomous single species models with diffusion were considered and the following model was proposed: ẋ 1 = x 1 (r 1 (t) − a 11 x 1 ) + D 1 (t)(x 2 − x 1 ), x 2 = x 2 (r 2 (t) − a 22 x 2 ) + D 2 (t)(x 1 − x 2 ). Species x grows in both patch 1 and patch 2; i.e., species x can diffuse between patch 1 and patch 2, where x 1 (t) is the density of the species in patch 1 at time t (t ≥ 0) and x 2 (t) denotes the density in patch 2. D 1 (t) and D 2 (t) are diffusion coefficients. In [4] , criteria for the existence and uniqueness of periodic solutions of these systems were established.
However, for a single species which has both stage structure and the ability of diffusion, there is no proper model studied as yet. For many species, their rate of death and the ability to diffuse are greatly different in each stage of their life stories. For example, the immature red-crowned crane is unable to migrate until it reaches a certain life stage, while in its mature stage, it is able to migrate. As another example, some fish have much higher death rates in their immature stage than in their mature stage. Hence it is not proper to take for granted that a given species has the same death rate in every stage of its life. Therefore the models proposed in [4] - [6] , in which stage-structures were ignored, are not necessarily correct.
On the other hand, in papers [1] - [3] , the diffusion is ignored and all the coefficients are constants; that is, the environments do not vary with time. Obviously those populations with time-dependence and diffusion cannot be described by these models. Hence it is significant for us to study stage-structured nonautonomous single species models with diffusion.
In this paper, we assume that the single species populations are growing in a two-patch environment, each of which is closed and homogeneous. Let x 1 (t) and x 2 (t) denote the densities of immature and mature populations in patch 1. Let y 1 (t) and y 2 (t) denote the densities of the immature and mature populations in patch 2. Now, our model is described by the following system:
where b 1 (t) is the birth rate of the immature population in patch 1 and b 2 (t) is the birth rate in patch 2; g 1 (t) and g 2 (t) denote the transformation rates of the immature populations into the mature in patch 1 and patch 2, respectively. d 1 (t) and d 2 (t) are the density-dependent coefficients of the immature population in patch 1 and 2, respectively, and D 1 (t) and D 2 (t) are the same for the mature population in the corresponding patch. λ 1 (t) and λ 2 (t) are diffusion coefficients. We assume that all the coefficients in the model are strictly positive continuous ω-periodic functions.
Our purpose in this paper is, by using Mawhin's continuation theorem [7] , [8] , to study the existence of positive ω-periodic solutions for system (1.1). For work concerning the existence of periodic solutions of delay differential equations, which was done using coincidence degree theory, we refer to [9] , [10] and references cited therein.
Existence of a positive periodic solution.
In this section, by using Mawhin's continuation theorem, we shall show the existence of at least one positive periodic solution of system (1.1). To do so, we need to make some preparations.
Let X and Y be real Banach spaces, let L :DomL ⊂ X → Y be a Fredholm mapping of index zero, and let P : 
In what follows, we use the notation
where f is a periodic continuous function with period ω > 0. In system (1.1), we always assume the following.
, λ i (t) (i = 1, 2) are positive periodic continuous functions with periodic ω > 0. Now we state our fundamental theorem about the existence of a positive ω-periodic solution of system (1.1).
Theorem 2.1. In addition to Assumption (H1), we assume (H2) g
Then system (1.1) has at least one positive ω-periodic solution.
Proof. Consider the system
where
are the same as those in Assumption (H1).
. Then system (1.1) changes into system (2.1). Hence it is easy to see that if system (2.1) has an ω-periodic solution (u 280 ZHENGQIU ZHANG and SHANWU ZENG Lemma 2.1 to system (2.1), we take
and
where | · | denotes the Euclidean norm in R. With the norm || · ||, X is a Banach space.
Define two projectors P and Q as follows:
Hence L is a Fredholm mapping of index zero. Furthermore, through an easy computation, we can find that the inverse K p of L p has the form
Obviously, we can prove that QN and 
(2.10)
(2.14)
By using the inequality
, for i = 1, 2, 3, 4, from (2.11)-(2.14), we obtain 
from which, by using the inequality
we get
and from (2.21), we obtain
Therefore there exists a positive constant d 3 such that
From (2.17) and (2.18), a parallel argument to (2.23) shows that
where d 4 is a positive constant.
Substituting (2.24) into (2.23) gives
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Then it is clear that
From this and (2.2), we have
(2.35)
Thus we obtain
From (2.36) and (2.40), we have
that is,
Let e u 2 (t 2 ) = z. Then there exist some positive constants p i (i = 0, 1, 2) such that 
from (2.28)-(2.31) and (2.44), we have 
Clearly, R i (i = 1, 2, 3, 4) are independent of λ.
Here R 0 is taken sufficiently large such that each solution (α
provided that system (2.47) has a solution or a number of solutions and that
Here, l is the only real root of equation
If system (2.47) has a solution or a number of solutions, then
If system (2.47) does not have a solution, then naturally
This proves that condition (ii) of Lemma 2.1 is satisfied. Finally we will prove that condition (iii) of Lemma 2.1 is satisfied. This completes the proof of condition (iii) of Lemma 2.1. Now Ω verifies all the requirements of Lemma 2.1 and then system (2.1) has at least one ω-periodic solution. This completes the proof of Theorem 2.1.
